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. Abstract. 

Bryant [Br] proved the existence of torsion free connections with exotic holonomy, 
. i.e. with holonomy that does not occur on the classical list of Berger [Ber]. These 

connections occur on moduli spaces y of rational contact curves in a contact threefold 
W. Therefore, they are naturally contained in the moduli space Z of all rational 
curves in W. 

. We construct a connection on Z whose restriction to y is torsion free. However, 

' the connection on Z has torsion unless both y and Z are flat. 

We also show the existence of a new exotic holonomy which is a certain sixdimen- 
' sional representation of Sl{2, C) x 5^(2, C). We show that every regular /^s-connection 

, (cf. [Br]) is the restriction of a unique connection with this holonomy. 

1-^1 §0 Introduction. 

Since its introduction by Elie Cartan, the holonomy of a connection has played an 
important role in differential geometry. Most of the classical results are concerned 
with the holonomy of Levi Civita connections of Riemannian metrics. In 1955, 
Berger [Ber] classified the possible irreducible Riemannian holonomies and much 
work has been done since to study these holonomies and their applications. See 
[Bes] and [Sa] for a historical survey and also [J] for more recent results. 

At the same time, Berger also partially classified the possible non-Riemannian 
holonomies of torsion free connections. However, his classification omits a finite 
number of possibilities, which are referred to as exotic holonomies. As of yet, the 
complete list of exotic holonomies is still not known. 

The incompleteness of Berger's list and therefore the existence of exotic holo- 
nomies was shown by Bryant [Br]. He investigated the irreducible representations 
of Sl{2,¥), F = R or C. For each (i > 1, we can regard 5/(2, F) as a subgroup 
Hd ^ Gl{d + 1,F) via the (unique) {d + l)-dimensional irreducible representation 
of 5/(2, F) which will be described below. Moreover, if we let Gd ^ Gl[d + 1,F) be 
the centralizer of Hd, then Gd may be regarded as a representation of Gl{2, F). For 
d > 3, these representations do not occur on Berger's list of possible holonomies 
and are therefore candidates for exotic holonomies. 

In his paper, Bryant showed that in the case d = 3 torsion free connections with 
holonomies and Gs do exist both if F = R and F = C We shall refer to them 



^Supported in part by NSF grant DMS 9301060 

1991 Mathematics Subject Classification. Primary 53B05; Secondary 32G10, 32L25, 53C10. 



EXOTIC HOLONOMY ON MODULI SPACES OF RATIONAL CURVES 2 

as i^a- connections (Gs-connections respectively). Prom now on, we shall assume 
that F = C unless stated otherwise. 

Gs-structiires occur naturally in the following way: let W be a complex contact 
threefold and suppose there is a rational contact curve C in W such that the 
restriction of the contact line bundle L\c has degree —3. Then the moduli space y 
of all close-by contact curves carries a torsion free Gs-connection. 

Conversely, every holomorphic torsion free Ga-connection is locally equivalent to 
a connection on such a moduli space y [Br] . 

Before we proceed, let us briefly describe the irreducible representations of 
5/(2, C), G/(2,C) and G/(2, C) x 5/(2, C). 

For n e N, let Vn Q be the (n + 1) -dimensional subspace of homoge- 

neous polynomials of degree n. There is an 5/(2, C)-action on Vn induced by the 
transposed action of 5/(2, C) on C^, i.e. if p e Vn and A e 5/(2, C) then 

{A ■ p){x,y) := p{u,v) with {u,v) = {x,y)A. 

Of course, this formula also describes an action of Gl{2, C) on Vn- 

The irreducible representations of Gl{2, C) x 5/(2, C) can be described as follows: 

for n,m G N, we let Vn,m ■= Vn ® Vm- Then the action of G'/(2,C) x 5/(2, C) on 

Vn,m is defined by 

{A, B)-{p® q) := {A-p)^{B- q) 

with the actions of G/(2, C) and 5/(2, C) on Vn and Vm from above. We define the 

subgroup Gn,m ^ Gl{yn,m) to be the image of this representation. Also, we let 
^n,m C Gn,m bc the image of 5/(2, C) x 5/(2, C) C G/(2, C) x 5/(2, C). In other 
words, Hn,m = G 

n,m n Sl{Vn,m)- 

It is well known [H] that these are complete lists of the irreducible representations 
of 5/(2, C), Gl{2,C) and Gl{2,C) x 5/(2, C) respectively. 

Given a rational contact curve C in W as above, it turns out that its normal 
bundle Nc C is equivalent to 0{2) © 0{2). By Kodaira's Deformation Theo- 
rem [K], the moduli space Z of all curves near C is a smooth analytic manifold. 
Obviously, y Q Z. 

The tangent space TcZ can be identified with H^{0{2) 0{2)) ^ Vi,2 in a 
natural way. Therefore, Z carries a canonical Gi,2-structure. 

The main objective of this paper is to investigate the correlation between the 
Gs-structure on y and the Gi,2-structure on Z. It had been conjectured in [Br] 
that the latter structure is torsion free. However, we show that almost the exact 
opposite is true. Namely, we shall prove 

Theorem 0.1. Let W be a complex contact threefold, let C be a rational contact 
curve in W such that the restriction of the contact line bundle L\c has degree —3, 
and let Z (y respectively) be the moduli space of rational curves (rational contact 
curves respectively) in W close to C . Then the canonical G 1^2- structure on Z is 
torsion free if and only if the G^- connection on y is fiat. 

This means that we cannot in general expect the Gi,2-structure on Z to be 
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Theorem 0.2. Let W be a complex threefold, let C be a rational curve in W 
whose normal bundle is equivalent to 0{2) ® 0{2) and let Z be the moduli space 
of curves in W close to C , equipped with the canonical G 1^2- structure. Then there 
is a subbundle T C h^T* Z ® TZ of rank four and a unique G 1^2- connection on Z 

whose torsion is a section of T . 

The point of Theorem 0.2. is that the rank of t^T^Z ® TZ equals 90, so T has 
a large codimension. In other words, Theorem 0.2. states that the Gi^2-structure 
on Z has "very little torsion" . 

Theorem 0.1. raises the questions if there are any non-flat torsion free Gi,2- 
structures at all. 

Theorem 0.3. 

(1) The holonomy of a torsion free G 1^2 -connection is contained in Hi 2- Thus, 
every torsion free G 1^2 structure admits a (one-parameter family of) Hi^2- 
reductions. 

(2) A regular torsion free Hi 2-structure with full holonomy is determined by 
three parameters. Thus, Hi 2- connections do exists, and Hi 2 is therefore 
another exotic holonomy representation. 

Comparing this result with Theorem 0.1. it follows that the torsion free Gi,2- 
connections do not arise as moduli spaces of rational curves in a contact threefold. 
However, we have the following characterization of i^a-connections. 

Theorem 0.4. Given a torsion free G 1^2 -connection on a sixfold Z and an imbed- 
ding y ^ Z of a fourfold y such that the connection on Z restricts to a G3- 
connection on y, then the holonomy of this restriction is contained in H3. 

Conversely, if y is a fourfold with a regular torsion free H3- connection, then 
there is a unique torsion free G 1^2- connection on some sixfold Z and an imbedding 
y ^ Z such that the connection on Z restricts to the connection on y . 

Regularity of an i^a-connection is a generic condition. For the exact definition, 
see [Br]. 

As an interesting consequence, we conclude that for a given regular i^a-connec- 
tion on y, there is more than one Gi,2-connection extending the i^s-connection, 
but exactly one of these extensions is torsion free. 

The calculations in this paper make extensive use of the representation theory 
of 5/(2, C) and Sl{2,C) x Sl{2,C), particularly an explicit version of the Clebsch- 
Gordan formula. For details, we refer the reader to [H] and [Br]. 

The Clebsch-Gordan formula describes the irreducible decomposition of a tensor 
product of irreducible 5/(2, C)-modules: 

min(m ,n) 

A convenient tool to compute the decomposition of polynomials into their irre- 
ducible components are the bilinear pairings 

( , )p-Vn<^Vm ^ Fn+m-2p 



EXOTIC HOLONOMY ON MODULI SPACES OF RATIONAL CURVES 



4 



It can be shown that these pairings are Sl{2, C)-equi variant and therefore are the 
projections onto the summands of the Clebsch-Gordan formula. 

The Clebsch-Gordan formula for the irreducible representations of Sl{2,C) x 
Sl{2, C) reads: 

min{ii,ji) min(i2,j2) 
Pi=0 P2=0 

On these spaces, we define the pairings 

^ ' ^Pl,P2 ■ ^l.»2 ®^'lj2 ^l+Jl-2pi, i2+j2-2p2 

defined by 

with the pairing { ^ from above. 

Again, it can be shown that these pairings are Sl{2, C) x Sl{2, C)-equivariant and 
therefore are the projections onto the summands of the Clebsch-Gordan formula. 

In §1, we define the notion of a G-structure and intrinsic torsion which will be 
important in §3. To demonstrate the usefulness of this concept we include several 
examples. 

In §2, wc cite Kodaira's Deformation Theorem [K] which states that, under 
certain circumstances, the moduli space Z of compact submanifolds of a given 
space W is itself a manifold. We construct a natural G-structure on this moduli 
space where G is the automorphism group of the normal bundle of an element of 
Z in Vy, provided some stability condition (condition (A)) is satisfied. 

If Z is the moduli space of rational curves with positive semistable normal bun- 
dle, then condition (A) is satisfied and hence we get a G-structure on Z. In par- 
ticular, if dim(>V) = 3 we obtain Gi^^-structures for some positive integer k. 

We then construct a certain class of connections on this Gi^fe-structure, called 
special connections. These have the property that the submanifolds Zp 'Z Z with 
p G W, consisting of all C E Z which pass through p, are totally geodesic. This 
yields some information about the torsion of special connections. 

In §3, we consider a contact threefold W, and a rational contact curve C. We let 
y be the moduli space of rational contact curves close to C and Z be the moduli 
space of all curves close to C. We then construct a G^+i -structure on y from the 
Gi,fc-structure on Z, and show that every connection on Z restricts naturally to a 
connection on y C Z. 

If /c = 2, i.e. if the normal bundle of each C E Z is equivalent to 0{2) © 0{2), 
then - using special connections - we show that the intrinsic torsion of Z is a section 
of a certain rank four bundle. This establishes Theorem 0.2. Also, the restriction of 
this connection to y is torsion free, hence we get a new proof that the Ga-structure 
on y is torsion free. 

In §4, we set up the structure equations for a torsion free Gi^2-connection. It 
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lie in Hi^2 ^ Gi^2, hence we consider the structure equations for torsion free H12- 
connections instead. These equations and their derivatives are similar - albeit more 
complex - to the structure equations for ifs-connections studied in [Br]. In fact, 
methods similar to the ones used in [Br] allow us to solve the structure equations 
explicitly. Their moduli space is then computed and we prove Theorem 0.3. 

Finally, in §5 we put together the results from §§3 and 4. First of all, we show 
that if Z is the moduli space of rational curves in a threefold W and if the as- 
sociated Gi^2-structure on Z is torsion free, then Z must be locally symmetric. 
Second, we determine those torsion free G'i^2-structures on Z which restrict to a 
Gs-structure on some y Z. Since none of these structures are locally symmetric. 
Theorem 0.1. follows. We also demonstrate Theorem 0.4. using the classification 
of i^a-connections from [Br]. 

We conclude by discussing some questions which our investigation raises. Namely, 
we show that every Gi^2-structure whose torsion is a section of the bundle T C 
K^T* Z ®TZ from Theorem 0.2. is locally equivalent to the moduli space of ratio- 
nal curves in a fivefold V which integrate a rank two Pfaffian system on V. 

For example, if Z is the moduli space of rational curves in a threefold W, we 
can achieve this by letting V := PTW with the canonical differential system [EDS], 
and identifying each curve C QW with its canonical lift (7 C P. 

Of course, there are many rank two Pfaffian systems which are not locally equiv- 
alent to this contact structure on PTW [C]. An interesting question is: 

Which rank two Pfaffian systems on a fivefold V yield torsion free Gi^^-connec- 
tions? 

Since the moduli space of torsion free Gi,2-connections is only three dimensional 
by Theorem 0.3. , those systems must be very special. The answer to this question 
will also shed some light onto the significance of i^s-connections. We shall pursue 
this analysis in a sequel of the present paper. 

§1 G-structures and intrinsic torsion. 

Let M" be a (real or complex) manifold of dimension n. Let tt : 5^ — > M be 
the coframe bundle of M, i.e. each u & ^ is a, linear isomorphism u : T^(„)M^^V, 
where V is a fixed n-dimcnsional (real or complex) vector space. Then ^ is naturally 
a principal right G/(V)-bundle over M, where the right action Rg : ^ ^ is defined 
by Rg{u) — o u. The tautological 1-form 9 on ^ with values in V is defined 
by letting d{^) = u{n^{^)) for ^ e T^d- For 0, we have the G'i(V)-equivariance 

R;{e) = g-^e. 

Let G C Gl{V) be a closed Lie subgroup and let q C 0[(V) be the Lie algebra 
of G. A G-structure on M is, by definition, a G-subbundle F C ^. For any G- 
structure, we will denote the restrictions of tt and 6* to F by the same letters. Given 
A e g we define the vector field on F by 

(^*)u = ^ {Rexp{tA){u)) \t=0- 

The vector fields A^ are called the fundamental vertical vector fields on F. It is 
evident that 7r*(A*) = and thus 9{A^) — for all A e g; in fact, e g} = 

ker(7r*). Moreover, for A, B e Q it is well-known that [A^, B^] = [A, B]^. 

Let X e M and u G n~^{x). The Lie algebra '■= u~^gu C gl{Tj;M) is 
independent of the choice of u, and the union gp := (J^ g^ is a vector subbundle of 
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Now we shall consider the first Spencer map Sp : V*®qI{V) — > A^V* (8) V which is 
defined by skew-symmetrization of the first two factors of V* (8)f|[(V) = V* ® V* ® V. 
Since q C qI{V) we may consider the restriction of Sp to V* <Si and we define Q^^^ 
and H^''^{g) by requiring that the following sequence be exact: 

(1-1) ^ V* ® ^ A^V* ® V ^ H'^'^q) 0. 

In the same way, we can define vector bundles Qp^ and H^^ over M via the 
exact sequence 

(1-2) — > Q^p^ — > T*M 5f ^ A^T*M (g) TM H^/ — > 0. 

From now on, we will denote points in M by a; and points in F by u. Moreover, 

denote tangent vectors on F and we let = 7r*(^u), ^'^ = 7r*(^^) etc. 
A connection on F is a g-valued 1-form a; on F satisfying the conditions 

, . a;(yl*) = A for all ^ G 0, and 

^ ' R*g{uj) = g-^ug for all geG. 

Given a connection a;, its torsion © is the V- valued 2-form given by 

(1-4) Q = d^ + UJ^e. 

From (1-3) and (1-4) it follows that there is a section Tor of A.^T*M ® TM 
satisfying 

(1-5) e(en, O = u {Tor{^^,Q) for all Cn, e T^F and all ueF. 

The connection uj is called torsion free if = 0. 

Now let ui' be another connection on F, and let O' and Tor' represent its torsion. 
From (1-3) it follows that there is a section a of the bundle T*M ® such that 

(1-6) {u' -uj){iu)=ua{iJu-\ 

From (1-4) - (1-6) we obtain for the torsion 

(e' - G)(e., O = u {a{Q ■ - a{Q ■ Q , 

and hence, 

{Tor' - Tor){i,0- "(0 " i' - " i 

= Sp{a)%0 foralie,e'er,M. 

Thus, we conclude that 
(1-7) Tar' = Tar + Sp{a). 

This implies that the section r := pr{Tor) of the bundle Hp^ is independent of 
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Definition 1.1. Let tt : F — > M be a G-structure. 

(1) The vector bundle H^^ is called the intrinsic torsion bundle of F. 

2 

(2) The section r of Hp defined above is called the intrinsic torsion of F. 

(3) F is called torsion free if its intrinsic torsion r = 0. 

The following Proposition is then immediate from (1-7). 

Proposition 1.2. Let tt : F ^ M be a G-structure and let r be its intrinsic 
torsion. 

(1) If a is any section of A?T*M TM such that pr{a) — r then there is a 
connection on F whose torsion section Tor equals a. 

(2) There is a torsion free connection on F if and only if F is torsion free. 

(3) IfF is torsion free then there is a one-to-one correspondence between torsion 
free connections on F and sections of Qp^ . In particular, if Q^^^ = then 
the torsion free connection on F is unique. 

We will give some examples for this concept. 
Examples 1.3. 

(1) Let G = 0{p, q) C Gl{V) with V = and n = p + g. A G-structure on 

is equivalent to a pseudo-Riemannian metric on M of signature (p, q). One 
can show that Sp : V*(8)o(p, q) — > A^V*(8)V is an isomorphism. Thus, g^^^ = 
and if'^'^(g) = 0. Then Proposition 1.2. implies that there is a unique 
torsion free connection on such a G-structure. Of course, this reproves 
precisely the existence and uniqueness of the Levi-Civita connection of a 
(pseudo-)Riemannian metric. [KN] 

(2) Suppose n = 2m and let G = G/(m,C) C Gl{n,R). A G-structure on 

is equivalent to an almost complex structure on M. Then if°'^(0[(m, C)) — 
{(p G A^(C"')* 0rC^ I (f){ix, y) = —i(p{x, y)}. Moreover, the intrinsic torsion 
is given by the Nijenhuis tensor. It is well known that the vanishing of 
this tensor, i.e. the torsion freeness of the G-structure, is equivalent to the 
integrability of the almost complex structure. [KN] 

(3) Suppose n = 2m and let G = Sp{m,) C G/(n, R). A G-structure on M"" is 
equivalent to a non-degenerate 2-form uj on M, i.e. uj"^ ^ 0. One can show 
that i7^'^(5p(m)) = A'^M"^ and that the intrinsic torsion is represented by 
the 3-form doj. Thus, the G-structure is torsion free if anf only if a; is a 
symplectic form. 

From these examples it should become evident that for many naturally arising 
G-structures the vanishing of the intrinsic torsion implies, in some sense, the "most 
natural integrability condition" of the underlying geometric structure. 

§2 G-structures on moduli spaces of compact submanifolds. 

Let W be a complex manifold of (complex) dimension d-\- r. 

Definition 2.1. By an analytic family of compact submanifolds of dimension d of 
W we shall mean a pair (jV, Z) of a complex manifold Z and a complex analytic 
submanifold A/" of W x Z of codimension r with the property that for each t E Z, the 
intersection AfO (W x t) is a compact connected submanifold of W x t of dimension 
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We call Z the moduli space of the family (A/", Z). The canonical projections of 
J\f onto W and Z will be denoted by pri and pr2 respectively. 

w z 

For each point t e Z, we set 

Ctxt^MniW xt). 

We may identify CtXt with Ct and consider jV as a family consisting of compact 
submanifolds Ct, t & Z, of W. 

From now on, we shall use the notational convention W{E) := H^{C, 0{E)) for 
a vector bundle E ^ C. 

Let Nt — > Ct be the normal bundle of Ct in W. There is a natural imbedding 
■qt : TtZ ^ H^(Nt) [K] and we shall use r]t to regard TtZ as a subspace of H^{Nt). 

Definition 2.2. An analytic family (A/", Z) is called complete at t E Z ii r]t is an 
isomorphism. (jV, Z) is called complete if it is complete at t for all t e Z. 

We now state one of the most famous classical Theorems of the subject: 

Kodaira's Deformation Theorem [K]. Let C W be a compact submanifold 
ofW of dimension d. Let N ^ C be the normal bundle of C in W. If H^{N) = 
then there exists a complete analytic family {J\f, Z) such that C = Ct^ for some 
to e Z. 

Let -E — > C be a holomorphic vector bundle and denote the group of equiva- 
lences of E with itself by Aut{E). Since each e Aut{E) induces an isomorphism 
: 0{E) —>■ 0{E), we obtain a natural representation a* : Aut{E) —>■ Gl{H*{E)). 

Definition 2.3. An analytic family (jV, Z) is said to satisfy condition (A) if 

(i) for any ti,t2 G Z the normal bundles Nt^ — > Ct. , i = 1,2, are equivalent, 
and 

(ii) the representation ao : Aut{Nt) — > Gl{H^{Nt)) is faithful and has closed 
image for all t & Z. 

Consider now a complete analytic family [M^Z) satisfying condition (A). Let 
E' — > C be a vetor bundle which is equivalent to the normal bundles Nt — > Ct for 
all t e Z, and let G := Aut{E). Let V := H^{E), and let 

tt:^^Z 

be the V-coframe bundle of Z. Now consider the principal bundle tt : F — > Z with 

E > Nt 



(2-1) F:=li: 



t e z, 

I a bundle equivalence. [ 



C . Ct 

We can define a bundle imbedding C, : F ^ ^ (and thereby justify the double 
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z : V — > H^{Nt). Then 77^ o z : V — > T^Z is also a linear isomorphism, thus (r/t o z)"^ 
is a point in ^. From condition (A) it follows that the definition := (r]toi)~^ is 
indeed one-to-one, and moreover, the image C(-^) is a G-structure on Z. Identifying 
F with C{F)j we regard F as a G-structure on Z, where the principal G-action on 
F is given by Rg{i) 10 g. 

If we set d_ :— C*(^): where 9 is the tautological form on ^, then 

(2-2) m^) = cm^oc).{^^)). 

By a slight abuse of language, we shall call 6 the tautological form on F. 

Thus, for a complete analytic family {Af,Z) satisfying condition (A), we have 
constructed an induced G-structure on the moduli space Z. 

For the remainder of this section, (A/", Z) will stand for a complete analytic family 
of rational curves satisfying condition (A), i.e. we assume that d = 1 and Ct — 
for aU t e Z. 

It is well-known that every A;-dimensional vector bundle E satisfies 0{E) = 

0{mi) © ... © 0{mk) for some integers m^, z = 1, . . . , A;. Moreover, it is not hard 
to show that E satisfies condition (ii) in Definition 2.3. if and only if > for all 
i and mi -|- . . . -|- ruk > 0. In this case, the automorphism group decomposes as 

G^Gx Sli2,C) with G^ Glini,C)x ■■■>< Gl{ni,C), 

where the nj's are the multiplicities of the m^'s. [GH] 

An interesting question is to determine the intrinsic torsion of such a G-structure 
or at least to understand its vanishing. To do this, we will construct connections 
on F and make some statements about their torsion. 

Let 

p : Sl{2, C) X ^ 

denote the action of Sl{2, C) on P^ by M5bius transformations. Let us fix once and 
for all the reference point 

xo := [0 : 1] e 
Consider (A/", Z) as before. Let 

P := -^i: ^ Ct\t & Z, z a biholomorphism} 

be the parameter space of Z. Then the obvious projection 

7rp,z :P^Z 

is a principal 5^(2, C)-bundle, where the principal action is defined by i?g(z) = 
zop(^). There is another projection 

7TF,P :F^P 

which maps a bundle isomorphism t : E ^ Nt to the underlying biholomorphism 
z : P^ Cf. TTp^p yields another principal bundle with structure group G = 
G/ Sl{2, C). Finally, there is a projection 
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which projects * : P-*^ — > Ct to {i{xo),t) e N". This projection yields a principal 
bundle whose structure group is the stabilizer Gxo Q G. 

Summarizing, we have the following commutative diagram: 



P 



Now let us fix to £ ^ and let C := Ct„- If wc denote the tangent and the normal 
bundle of C by tc and Nc respectively then we have the exact sequence 

(2-3) ^ TC ^ TW\c ^Nc^O, 

where TW denotes the holomorphic tangent bundle of W. 

It is well known that this sequence splits. Also, from (2-3) we get the exact 
sequence 

(2-4) ^ Hom{Nc, tc) ^ Hom{TW\c, re) ^ Hom{Tc, tc) ^ 0, 
which in turn induces the exact sequence 

(2-5) H\Hom{Nc,Tc)) H%Hom{TW\c,Tc)) ^ H^{Hom{Tc,Tc)) 
Let 

Sc := {7r*)-\idra) C i?°(iyom(T>V|c,Tc)), 

where idrc is regarded as an element of H^{Hom{Tc,Tc))- Even though tt* need 
not be surjective in general, Sc is non-empty; namely, Sc consists of all split- 
ting maps of the exact sequence (2-3). Therefore, Sc is an affine subspace of 
{H om{TW\c , Tc)) whose dimension equals that of {H om{N c ■, tc)) ■ 
Condition (A) implies that the exact sequences (2-3) - (2-5) are independent of 
the choice of to £ -2, hence so is the dimension of Sc- In fact, the union 

S:^[j Sc, 

tez 

forms an affine bundle over called the split-bundle of Z. 

Lemma 2.4. Given a local section a : U ^ S , t ^ at of the split-bundle S, let 
P^ := Tip^ziU). There is a unique holomorphic connection a on irp^z Pu ^ U 
such that 

(2-6) p*im,o.o) = i7'Me)) 

for all ^ G TjP, where t = np^zil) and ^ = {pri o ttp^j^)^{$^) . 

Proof. First of all, note that equation (2-6) is well defined: a{^) e s[(2,C), and 
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Let a{^) be the right hand side of (2-6). Then is a holomorphic 1-form on Pu 
with values in T^^^^. Moreover, it is easy to see that p*(^,Oa;o) = oi{A^) for all 
A G s[(2, C), where A^ denotes the fundamental vector field corresponding to A. 

We define a basis {Ai,A2,As} of sl{2, C) by the equation 



Clearly, p*(Aj, Oxq) = for z = 1, 2. We define the complex-valued 1-form 0-3 by 
the equation a^i^) p^{A3, O^o) = g:{^), and let &i := 2a2{o-3) and &2 ■= l^A2i^i), 
where £ denotes the Lie derivative. 

It is left to the reader to verify that the sl{2, C)-valued 1-form 



defines a connection with the desired property and that this choice is unique. □ 

Geometrically, the interpretation of the connection a is the following. Suppose 
we have a local section a : U ^ S and a curve 7 : / — > C Z for some open set 
/ C C, G /. Then a horizontal lift 7 : / ^ P of 7 can be regarded as a map 
r : / X ^ W such that r(t, _) parametrizes 7(t). 

Given a parametrization z : — > 7(0), we then define F uniquely by requiring 
that 

(1) r(0,x) = i{x) for aU x G F^, and 

(2) crt{^T{t, x)) = for aU t G / and aU x e¥\ 

It is then easy to verify that the F thus determined is the horizontal lift of 7 
w.r.t. the connection a. 

Definition 2.5. A holomorphic connection u) on tt : F ^ Z is called special if 
there exists a holomorphic section a of the split-bundle S ^ Z, and a g-valued 
1-form a; on F such that 



with a as in Lemma 2.4. Here, we use the decomposition = 0© sl(2, C). 

Proposition 2.6. Let (A/", Z) and tt : F Z be as before. Every to E Z has a 
neighborhood U C Z such that the restricted bundle n : Fk ^ U with Fu := it~^{U) 
admits a special connection. 

Proof. The proof is almost obvious: choose U sufficiently small such that n : Fu 
lA admits a holomorphic connection l^i — Cj -\- (j) where Cj and (/> are holomorphic 
1-forms with values in q and s[(2, C) respectively. After shrinking U we may also 
assume that the split-bundle S admits a holomorphic section a over U. Then the 
form a; := d) -h (J is a special connection. □ 

An important characterization of special connections comes from the following 

Proposition 2.7. For every p G W, let Zp := {t G Z\p G Ct}- If Zp ^ ^ then Zp 
is a smooth submanifold of Z with codim(2^p) = dim(>V) — 1. The tangent space 
of Zp atteZp is H^{CuO{Nt) - p) ^ H^{Nt) = TtZ. Moreover, Zp is totally 
geodesic w.r.t. any special connection u. 





LO — LU + a 
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To show that Z^, is totally geodesic, let e and pick a biholomorphism 
Zq : — > such that Iq[xq) = p. Then Zq e 7rp^(to)- We also pick a bundle 
isomorphism zq : -E — > Nt^ such that zq G 7r^p(zo). Here, — > P-*^ is a vector bundle 
which is isomorphic to 0{Nt) — > Ct for all t & Z. 

Let a; = (Zj+o" be a special connection on F where cr is a section of the split-bundle 
S. Let / C C be an open neighborhood of 0, and consider a geodesic ^ : I ^ Z 
with 7(0) = to and 7'(0) G Tt^Zp. Let ^ : I ^ P and 7 : / — > F be the horizontal 
lifts of 7 to P and F respectively with 7(0) = Zq and 7(0) = iq. 

Define F : / x P-*^ — > W by T{z, x) := 7(2;) (x). Since 7 is horizontal and thus, in 
particular, a{^'{z)) = for all z, it follows that 

(2-7) (7^(^) {^r{z, xo)) = for aU z e I. 

On the other hand, since 7 is a geodesic, we conclude from (2-2) that 
Ci'l{z)){Y{z)) G H^{E) is independent of z and thus vanishes at xq for all 2;. 
It follows that 

(2-8) -^T{z^xq) is tangent to C^(2) for all z ^ I. 

But (2-7) and (2-8) together imply that 

^T{z, xo) = for aU z e I, 

and thus T{z, xq) = p for all z & I. But this means 7(2;) G Zp for all 2; and this 
completes the proof. □ 

This Proposition yields immediately 

Corollary 2.8. If u is a special connection on Z and Tor : A'^H^{Nt) — > H'^{Nt) 
is its torsion then 

Tor{A^H\Ct,0{Nt)-p)) C H\Ct,0{Nt) - p) 

forallpeCt- □ 

Since torsion is a local concept. Proposition 2.6. together with Corollary 2.8 will 
allow us to make some assumptions about the intrinsic torsion of F. This will be 
applied in the following sections. 

We shall also need one further property of special connections. Its proof is 
immediate from (2-2) and (2-6). 

Proposition 2.9. LetV_ :— H^{¥^, 0{k)(BO{k)—xo) be the space of global sections 
of 0{k) © 0{k) which vanish at xq and let q' :=Q® \)xo Q where \}xo Q -s[(2, C) is 
the infinitesimal stabilizer of xq under p. Consider the projection pri o ttf,M '• F — > 
W. If uj is a special connection on F then 



ker(pri o ttfm)* = e TF | (^ + a;)(0 G V © g'}. □ 



EXOTIC HOLONOMY ON MODULI SPACES OF RATIONAL CURVES 13 

§3 Moduli spaces of rational contact curves. 

In this entire section, we shall assume that dim(W) = 3 and that W carries a 
holomorphic contact structure, i.e. a holomorphic line bundle L C T*W with the 
property that for every non- vanishing local section k in L, the local 3-form k Adn 
does not vanish anywhere. 

By a standard notational ambiguity we will denote by 0{n) both the (unique) 
line bundle of degree n over P-*^ and the sheaf of germs of holomorphic sections of 
this line bundle. 

Let us first of all cite the following 

Proposition 3.1. [Br] Let W denote a complex contact 3-fold with contact line 
bundle L C T*>V. Let C W be an imbedded rational contact curve, and suppose 
that L\c = 0{—k — 1) for some integer k > 0. Then 

(1) Nc = 0{k) © 0{k), where Nc denotes the normal bundle of C in W, 

(2) the moduli space Z of imbedded rational curves is smooth and of complex 

dimension 2k + 2 near C , and 

(3) the subspace y ^ Z of rational contact curves in W is a smooth analytic 
submanifold of Z of dimension k + 2. 

For the remainder of this section we shall assume that A; > 0. It follows that Z 
is a complete analytic family of rational curves satisfying condition (A). 
Let E := 0{k)®0{k). Then 

G := Aut{E) = Gl{2, C) x Sl{2, C), 

where the first factor (7/(2, C) consists of those automorphisms which fix the base 
space P^, and the second factor S'/(2, C) consists of automorphisms which are in- 
duced by Mobius transformations of P^. As an Aut{E)-module, TqZ = H^{0{k)(B 
0{k))=Vi,k. 

Let L"*- C TW be the 2-plane bundle anihilatcd by the sections of L. For local 
sections and k of L-*- and L respectively, the pairing (^ A^',k) h- > dK{$,,^') is 
easily seen to be tensorial and non-degenerate, hence induces a bundle isomorphism 
A^(L-'-) L*. Also, we have the canonical short exact sequence 

(3-1) — >L^ — ^ TW — >L* — ^ 0, 

where TW is the holomorphic tangent bundle of W. 

Now let C & y ^ Z. Since C is a contact curve, we have an inclusion — > r — > 
L|^, where r is the tangent bundle of C, and from there it follows that 

T (Lfc/r) - A\Lfc) = Ljc = 0{k + 1). 

Thus, since r = C(2), we must have Tj^/r = 0{k — 1). From (3-1) we also have 
the short exact sequence 

(3-2) Lfc/r -^Nc^ Lf^ 0, 

where Nc denotes the normal bundle of C in W. 

Since H^{L^fj/T) = H^{0{k — 1)) — 0, (3-2) induces the short exact sequence 

H^LUt) ^ H'{Nc) ^ H\Ly 0. 
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Lemma 3.2. Let C e y and C e Toy C TcZ = if°(iVc)- If pr{0 e H^{L*c) 
vanishes at p & C of order at least two, then ^ - regarded as a section of Nc - 
vanishes at p. 

Proof. Given ^ e Tcy as above, we pick a holomorphic curve 7 : / — > 3^ with 7(0) = 
C and 7'(0) = ^ where / C C is an open neighborhood of 0. Let T : / x ^ W 
be a holomorphic map such that r(t, _) is a parametrization of ^{t) for aU t. We 
may assume r(0, Xq) — p with xq :— [0:1] G P^. 

First, suppose that F is a local biholomorphism from a neighborhood of (0, xq) 
to U C. W. Then the holomorphic vector fields 

dV dV 
X:=—{t,x) and Y := —{t,x) 

are well defined on U. 

Let K be a local contact form on U. Then we have 

dKiXp, Yp) = Xp{KiY)) - Yp{KiX)) - Ki[X, Yl). 

But all three terms on the right hand side vanish: the first one vanishes because 
Y is tangent to the contact curves 7(t), thus k,{Y) = 0. The second one vanishes 
because - by hypothesis - the function k{X) : (UDC) — > C vanishes of order two at 
p. Finally, [X, Y] = from the definition of X and Y, thus the third term vanishes 
as well. 

The vanishing of pr{^) at p implies that Xp G Lp, hence Xp, Yp span Lp. But 
this together with dK,{Xp, Yp) = implies that (k A dK,)p = which is impossible. 

Therefore, F is not a local biholomorphism at (0,a;o), i.e. ^(0,xo) must be 
tangent to C. But this implies exactly that ^ vanishes at p. □ 

Corollary 3.3. For every C e y, the restriction pr : Tcy H^{L*c) 

IS an 

isomorphism. 

Proof. From Proposition 3.1. we know that dim(TcJ^) = k + 2 = dim(iy°(LJ^p)), 
and from Lemma 3.2. it follows that ker(pr) fl Tcy = 0. □ 

Recall that the sequence (3-2) is equivalent to 

^ - 1) ^ o{k) ® o{k) o{k + 1) ^ 0. 

It is easy to show that - up to equivalence - the maps in this exact sequence are 
uniquely determined. More specifically, one can show that for every C G 3^, there 
are bundle isomorphisms </)c, 4>c 4>c such that the diagram 

> 0{k-l) > 0{k)®0{k) > 0{k + l) ^ 

(3-3) 4>'c 

> Lf^/r > Nc > L*c ' ^ 

commutes, and for the induced commutative diagram 

> Vk-i -^-^ Vi,fc Vfc+1 > 

(3-4) {4>'ar 
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we have i{uk-i) = x ® {y ■ Uk-i) - y ® {x ■ Uk-i), and pr{ui ® Vk) = ui ■ Vk 
for all Ui,Vi e Vj. Here, we used the natural identifications H^{0{n)) = Vn and 
H^{0{n) © 0{n)) ^ Vi,n for any integer n > 0. 

Let us define the vector subspaces V' and V" of Vi,fe by 

V' -.^ {x ® Ux + y ® Uy I u e Vfe+i}, 

where Ux and Uy denote partial derivatives, and 

V" := i(Vfe-i) ^{x®{yu)-y®{x-u)\ue Vk-i). 

Then Vi,fe = V V" is easily verified. 

Proposition 3.4. Let C G 3^ C Z 6e a rational contact curve and consider bundle 
isomorphisms (f)c,(t^c ^'^^ 'u^hich induce the commutative diagrams (3-3) and 
(3-4). Then we have 

(3-5) 0^(V') = TcJ^ and 0^(V") = ^(i^°(i^fcA))• 

Proof. The map ?7 : Vfc+i — Vi,a: given by r]{u) := i^ix Ux + y ® Uy) splits 
the top exact sequence of (3-4). Thus, Corollary 3.3. implies that there is a map 
5 : Vfe+i ^ Vfc-i such that Toy = (/>c ({(^ + i ° ^)(«) I « ^ Vfe+i}). 

Since V^^i ® Vk-i — V2k ® ^2k-2 ® . . . ® V2 it follows that there are polynomials 

e Vj, z = 2, 4, . . . 2k such that 

S{u) = {U, V2k)k+1 + {U, V2k-2)k + ■■■ + {U, ^2)2 • 

From Lemma 3.2. and an easy calculation we conclude that 5 must satisfy the 
following condition: 

(3-6) if r^|« for some r e Vi, u e V^+i then r\5{u). 

Using the Sl{2, C)-equivariance of {_, _) we compute that for any r e Vi, r\5{r'^~^^) 
if and only if r\v2k- Thus, (3-6) implies that every r G Vi divides V2k, hence V2k = 0. 

Next, a similar calculation shows that r\S{r'^s) for all s e Vi if and only if r\v2k-2- 
Again, this together with (3-6) implies V2k-2 = 0. 

Continuing with similar arguments, we see successively that V2k — V2k-2 — ■ ■ ■ = 
V2 = 0, thus 5 = 0, and this shows the first equation in (3-5). The second equation 
is immediate from the commutativity of (3-4). □ 

Proposition 3.5. Let Fy := 'K~^{y) with the principal G-hundle tt : F — > Z from 
(2-1) and let iry : — > y denote the total Vk+i-coframe bundle ofy. The set 

F := : 0{k) e 0{k) ^ Nc 

is a reduction of Fy with structure group 



C ^y, (pc 0. bundle isomorphism 
which satisfies (3-5). 
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Moreover, the map 

C: F ^dy 

is an imbedding, and the image C{F) C "^y is a Gk+i- structure on y. 

Proof. The proof is straightforward: first of aU, by our previous discussion we 
know that 7r-^(C) n F ^ for all C G y. Moreover, if (p}., (p^. e Fo, then V := 
((/>^)-i o(l)%e Aut{0{k) e 0{k)) must satisfy V*(V') = V and V*(V") = V". This 
is the case precisely if tp E . Thus F is a G^-reduction of Fy. 

The verification of the stated properties of C, is left to the reader. □ 

By abuse of notation, we shall identify F with C(^) ^^nd thus regard F as a 
Gfe+i-structure on 3^. The tautological 1-form of tt : F — > 3^ is then given by 

The decomposition Vi^k = V" © V" induces the decomposition 

Vi* Vi,fc = (V* V) © (V* V") © (V* V) © (V* V"). 

Projection onto the first direct summand composed with conjugation by pr|v' 
yields a homomorphism 

It is not hard to verify that the 1-form 

u := {pou)\p 

yields a connection on tt : F — > 3^. 
Definition 3.6. 

(1) A Gi^fc-connection is a triple {tv : F ^ Z^O, u) of a Gi^fe-reduction F of Z 
and the tautological and connection 1-forms 9 and u. 

(2) Likewise, a Gfe+i-connection is a triple {'k : F ^ y, 9, Co) of a Gfc+i-reduction 
F of 3^ and the tautological and connection 1-forms 6 and a). 

(3) Suppose (tt : F —>■ Z,9, uj) and {tv : F ^ y,9, u;) are a Gi^jt-connection and 
a Gfc+i-connection respectively and suppose there is an injective bundle 
map 

F — ^ F 



y -^-^ z 

such that 9 — pr o 9\p and cD = p o Ci;|^. 

Then (tt : F — >■ 3^, ^, cD) is called a restriction of (tt : F — > Z,9,u)), 
whereas {tt : F ^ Z,9, to) is called an extension oi (tt : F ^ y, 9, Cj). 
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Proposition 3.7. If the Gi^^- connection (tt : F ^ Z, 9,u)) is an extension of the 
Gk-\f-\- connection (tt : F ^ y,9,u;) and if Q and denote the torsion of u and uj 
respectively then 

e=proQ\p. □ 

Definition 3.8. A connection on Try : F — > 3^ is called special ii it is the restriction 
of a special connection on tt : F — > Z. 

Of course, from our discussion preceding Definition 3.6. we know that if Z is 
the moduli space of rational curves in W whose normal bundle is equivalent to 
0{k) © 0{k) and if 3^ C 2 is the subset of contact curves then every connection on 
IT : F —>■ Z has a restriction to the Gfe+i-structure n : F ^ y. 

Let us now investigate the intrinsic torsion of both the Gi,fe-structure tt : F ^ Z 
and the Gfc+i-structure Try : F ^ y. The Spencer sequence (1-1) reads 
(3-7) 

flS V* , ® 0i,fe ^ A^Vl, ® Vi,fc H^''{Qi,k) 

and 

Lemma 3.9. If k > 2 then g^^^ = and Q^^+i ~ ^■ 

Proof. Let (p e 0^^^. We regard <^ as a linear map (p : Vi^k 0i,fe- Pick two 

arbitrary bases (ri, r2) and (si, S2) of Vi. Then the set {r^ (8) Si^'^s^ | z = 1, 2, j = 
0,. . .k} forms a basis of Vi,fc. We have 

((/p(ri ® s^)) (r2 ® s^) - (v7(r2 ® 4)) (n ® s^) = 0. 

If we let (p{ri s^) := {Ai, Bi) for z = 1,2 be the decomposition in gi^k — 
qI(2,C) ©s[(2,C), then this equation reads 

(3-8) {{Ai ■ r2) «) 4) + (^2 <8) {Bi ■ 4)) - ((A2 • n) ® s^) - (n (S2 • s^)) = 0. 

Note that -Bi • s| e span{siS2~^ , 82}- Taking the (r2 ® siS2~^)-component of 
(3-8) w.r.t. the above basis we conlude that S2 is an eigenvector of B^. Since this is 
true for any 82 which is linearly independent of si, it follows that Bi is a multiple 
of the identity. On the other hand, trace{Bi) = 0. Thus, we have Bi = 0. 

Likewise, Ai = 0, hence (/?(ri ® s^) = for arbitrary ri, si e Vi. Since elements 
of this form span all of Vi,fc, — follows. 

The proof of the second statement is of similar nature but simpler. We omit the 
details. □ 

To calculate the irreducible components of (3-7), note that as a G-module, Qi^k — 
Vo,o ® V2,o ® Vo,2- In fact, the equivalence is determined by the equation 



(3-9) {P0,0 + P2,0 + P0,2) • qi,k ■■= (PO,0,9l,fc)o,0+ (P2,0,9l,A;)i,o+ (PO,2,9l,fe)o,i 
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For the rest of this section we shall assume that k = 2. In this case, a calcu- 
lation shows that the decomposition of the Spencer sequence (3-7) into irreducible 
submodules is 

Q ^ Vi,o © 3Vi,2 © Vi,4 Sp^ Vi,o © 3Vi,2 © 2Vi,4 © Vi,6 ^ Vi,4 © Vi,6 ^ Q 

' ©V3,2 ' ©V3,0 © V3,2 e V3,4 ' ©V3,0 © V3,4 ' 

More expUcitly, if </? G VI 2 ® 0i,2, then there are elements fij^r'^^ pr'/j e Vij 
such that for pi^2 G Vi,2, 

(3-10) 

<fi{pi,2) = ((ri,2,Pl,2)i,2) + (K2,Pi,2)i,2 + (^,2,^1,2)0,2) 

+ ((ri,4,Pi,2)i,2 + «2>Pi,2>i 1 + (ri,o,Pi,2)i,o) e Vo,0 © V2,0 © Vo,2. 

Likewise, for any T e A^V^ 2 ® Vi,2, there are elements Si^j, s'^j, s'- j e Vi,j such 
that for all p,q G Vi,2, 

(3-11) 

+ {si,o, {p, g)o,i)^ g + («'i,2, (p, 9)0,1)^ ^ + (4,4, (p, 9)0,1)^ 2 

+ (s3,0, (P, ?)o,l)2^o + (*3,2, {P, 1)0,1)^^^ + («3,4, (p, l)o,l)^^^ 
+ (<2,(P,g)l,2X_^- 

Using the tuple (si,2, Si,4, Si,6, si,o, 2, ■5i,4, 53,0, ^3,2, 83,4, s'/ 2) as coordinates 
for A^Vi 2 ® ^1,2, another calculation shows that 
(3-12) 

^p(<^)=(-^(n,2-3ri,2 + 4//,2)' -^^M, 0, ri,o, -^(ri,2 + rl,2 - K2), 
-^ri,4, 0, -^r3,2, 0, -^(ri,2-3r'i^2-8<2)), 

where the r^^s are determined by (p as in (3-10). 

Lemma 3.10. Let Z be as before, and suppose that ui is a special connection on 
Z. Then another connection lo^ on Z is special if and only if there are functions 
ri^j,r[ j on F with values in Vij such that 

(3-13) 0J2=0J^+ ((ri,2, ^)i,2) + ((^3,2, ^)i,2 + M,2, ^>o,2) + ((^1,0, 0),,o) ' 

Here, we use the identification (3-9) to regard the ui 's as Vo,o © V2,o © Vo^2-valued 
1- forms on F . 

Proof. First of all, we define the vector bundles Vf^ := F Xq Vij over Z. Recall 

f ™ CI j;fr .„ J- „ — m . ^ ;„ — ™; j u,. „ 
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section of the bundle T*Z ®Qf- Since by (3-9) we have Qf ^ Vq q ® V^^o © '^0,2^ we 
can decompose 

Sf T*Z ® (Vo^o © ^2^0) : and 

Note that ^ ® Vq^s = Vfo © © Vi^4- 
Consider the vector bundle 

A:- [jH\Hom{Nc,.Tc,))^Z. 

For a fixed t G Z, Hom{Nc„rcJ = Hom{0{2) © C(2), C(2)) = 0(0) © 0(0), 
hence H^{Hom{Nc^, TCt)) — ^1,0 as a G-module, and thus A = Vf^Q. 

Let us fix a special connection ujq = uj + &q with some section ctq of the split 
bundle S ^ Z. Given a local section 5 of A, we let a; := cD + (T with a := ao + S, 
and define il^{d) := u — uq. From Lemma 2.4. it is easy to verify that '4>{5) is a 
local section of B2 C T* Z gp, that the correspondence d ^ 'i/j{d) determines a 
bundle map : A ^ B2 , and that ip is independent of the choice of uq. Also, it is 
obvious that ip is non- vanishing, hence by Schur's Lemma '0(A) = V[q C Sf'. 

Let uji = (jJi + ai be the decomposition of the special connection coi where ui is a 
section of the split bundle S. Then 002 is special if and only if uj2 = 0^2 + ^2 for some 
section 02 of S, if and only if c<;2 — wi = (0)2 — u)i) + •i/'(5) where 5 := a"2 — a"i is a 
section of A, if and only if uj2—^\ is a section of ©'(/'(A) = ©Vf^g — T*Z®%f. 

Comparing (3-13) with (3-10), we see that this is satisfied if and only if (3-13) 
holds. □ 

Theorem 3.11. Let Z he the moduli space of rational curves in a 3-fold W whose 
normal bundle is equivalent to 0{2) © 0(2), and let tt : F ^ Z be the associated 
G I ^2- structure. Then there is a unique connection u on F and a function s^fi '■ 
F — > Va^o such that the torsion of u> is given by 

e = (^3,o(«),(^,^)o,i)^^^- 

Moreover, u is a special connection. 

This simple form of the torsion is quite remarkable; indeed. Lemma 3.9. implies 
that for k = 2, rank{Hp'^) — 48. Thus, Theorem 3.11. says that most of the 
intrinsic torsion of F vanishes. 

Proof. First of all, note that it suffices to prove the Theorem locally, i.e. we need 
to show that F can be covered by open sets Ui on which a connection oji with the 
stated properties exists. Then, by uniqueness, uJi and cuj must coincide on Ui fl Wj, 
thus Ui is the restriction to Ui of a connection u defined on all of F. In the proof, 
we will replace Ui by Z and thus we may assume that all local properties of Z hold 
globally. 

By Proposition 2.6. we can find a special connection ujq on F. Then there are 
functions {si^2, ^1,4, . . . , S12) on F with values in Vi,2, Vi,4, . . . , Vi,2 respectively 
such that the torsion Gq of ujq is given by Oo(^, = To{p, q) with p = 0{^),q = 

altl\ ] 1 rr „^ ;„ — ™; ] u,, „ )„ ;„ i i ^ 



T*Z (^Qf = B[ ®B[ with 
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We call To : F — > A^VJ" 2 ® ^1,2 the torsion map of ujq. By abuse of notation, we 
write To = si,2 + si,4 + . . . + s'/ 2- 

Wc shall say that r G Vi divides p G Vi^k and write r\p if p = x (E)pi +y ^P2 and 
r divides both pi and p2- From Corollary 2.8. we obtain the following criterion: 

(3-14) If for r e Vi and p,q & Vi,2 we have r\p and r\q then also r|To(tt)(p, g). 

From (3-14), we can conclude that some of the Sij^s must vanish identically. For 
example, let p := x ^ r'^ and g := y (8> for r G Vi. Then (p, q)^ i = {Pjq)i 2 = ^ 
and {p,q)i q — 1 ® r"^ E Vo,4- Since r|p and r\q, (3-14) implies that r\To{u){p,q). 
An easy computation shows that this is the case if and only if r\sifi{u). But this 
must be true for all r G Vi and u & F, thus we conclude si,6 = 0. 

By similar calculations we see that (3-14) is satisfied if and only if 

(3-15) Si,4 = 4 = Si,6 = ^3,4 = -§1,2 - 2Sl,2 = 0. 

From here it follows that the intrinsic torsion of the Gi,2-structure is represented 
by S3,o- Also, from (3-12) and (3-15) it follows that Tq — 83^0 = Sp{ip) for some 
function (/? : F — > Vj^2 ® Si, 2 whose ri,4 and r"2 component vanish. Then Lemma 
3.10. implies that the connection a; := a;o — <^ is still special, and if we let T be the 
torsion map of u then by (1-7) wc have T = To — Sp{(p) = so, 3. Thus, the torsion 
of the special connection u is of the desired form. 

The uniqueness follows from Proposition 1.2. together with Lemma 3.9. □ 

Definition 3.12. The unique special connection from Theorem 3.11. is called the 

intrinsic connection of Z. 

Theorem 3.13. Let W be a contact 3-fold with contact line bundle L W, and 
let y be the moduli space of rational contact curves C such that L\c = 0(— 3). 
Then there is a unique torsion free connection cD on the G^-structure ny : F —>■ y . 
Moreover, u> is special. 

Proof. By Proposition 3.1. y Q Z is a. submanifold with Z as in Theorem 3.11. 
Let ujQ be the intrinsic connection on Z, and let S3 : F — > V3 be such that S3 (g) 1 : 
F — > V3,o is the torsion function of uq from Theorem 3.11. 

Let si,2 '■= x^ {ss)x + y^{s3)y G Vi,2, and let : F — 2 ®0i,2 be determined 
by (3-10) with ri,2 = r'12 '■— 2si,2, all other rij^s = 0. As before, can be regarded 
as a section of T*Z<^Qf, and by Lemma 3.10, the connection uj := a;o + <^ is again a 
special connection on Z. We denote by u the restriction of oj to y, and let 0, ©o and 
denote the torsion forms of uj, ujq and a) respectively. By (1-7), = ©o + Sp{(f). 

Then by Proposition 3.7. and some calculation we have 



Q = pr oQ 




= 0. 



Thus, u) is the desired torsion free special connection. The uniqueness follows 
from Proposition 1.2. together with Lemma 3.9. □ 
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§4 Torsion free Gi,2-structures. 

In this entire section, we shall consider complex sixfolds Z which carry a torsion 
free Gi,2-structure tt : F ^ Z. In this case, there is a unique torsion free connection 
uj = uq^o + £^2,0 + £^0,2 on F where Uij takes values in Vij. Here, we used the 
identification gi,2 = Vo,o © V2,o © Vo,2 from (3-9). 

For convenience, we shall define the pairings 

((_,_))('=): (Vo,o © V2,o © Vo,2) ® Vij ^ Vij 

{{Pq,q + P2,Q + Pq,2, q))^''^ ■= ^(Po,o,g)o,o + (^^2,0,^)1,0 + (Po,2,g)o,i 

Then the first structure equation of co reads 
(4-1) d9 + {{co,9)f^ = 

with the Vi,2-valued tautological 1-form 9. 

Moreover, the curvature 2-form fl takes values in 91,2 = Vo,o © V2,o © Vo,2, and 
is defined as 

Q = (ko + CO Aco 

(4-2) 1 / \ 

(,('^2,0, ^^2,0)1,0 + (^0,2, ^^0,2)0,1 ) ■ 

Differentiating (4-1), we obtain the first Bianchi identity 
(4-3) {{n,9)f^ = 0. 

Let K(gi,2) be given by the exact sequence 

K(0i,2) A'V* 2 ® 01,2 ^ A^'Vi* 2 ® Vi,2, 

where Sp2 is given by skew-symmetrization of A^Vi,2®0i,2 ^ A^Vi,2® (V^ 2®"^'l,2)• 
The first Bianchi identity (4-3) can be interpreted as stating that Q is a section of 

i^XGK(0i,2). 

A calculation shows that, as a G-modulc, K(0i,2) = V2,o © Vo,2- More explicitly, 
there is a function a = 02,0 + ^0,2 : F V2,o © Vo,2 such that 



(4-4) 



n = (-4 (a2,o, {9, 9),^,)^^^ + 3 (ao,2, {9, ^)o,i)^^^ 

+ (^(a2,o, {9, ^)o,i)^_^ + (ao,2, {9, 9),^,)^^^ - 7 (ao,2, {9, ^)i,2)„ J • 

This implies, in particular, that diOo^ — 0. Therefore, by the Ambrose-Singer- 
Holonomy Theorem [KN] , the holonomy of u is contained in the subgroup 

Hi,2 :=Gi,2 5/(^1,2). 

Taking the derivative of (4-4) and solving for da., we see that there is a function 
b : F ^ Vi 2 such that 



J //, . „\\(-2) I o /u £)\ I /u a\ 
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Once again, we take the derivative of (4-5) and solve for dh. We see that there 
is a function c : F — > Vo,o such that 

dh = {{h,uj))^~^^ + 2 ^(02,0, 00,2)0,0 ' 1 + (^"0,2, 00,2)0,0 ' 2 
(4-6) / 4 ' ' \ ' ' 

+ ( - o (02,0, 02,0)2,0 - ^ («0,2, 00,2)0,2 + C, 6* ) 
\ / 0,0 

Taking exterior derivatives one more time and solving for dc we calculate that 
(4-7) dc = -4ca;o,o- 

The reader who is familiar with [Br] will note the similarity of the structure 
equations (4-1) - (4-7) with the structure equations for i^s-connections where H3 = 
Gs n Sl{Vs)- This is by no means a coincidence. As we shall see in the following 
section, there is a close relationship between iyi,2-structures and i^s-structures. 

Let Fo C F be an integral hypersurface of c<;o,07 i-e. a hypersurface such that 
a;o,o|Fo = 0- Then Fq is a torsion free ifi,2-reduction of F. We shall denote 
the restrictions of 6*, a;2,o, "^0,2, a and b to Fo by the same letters. Note that 
ujQ := ojIf,, = 0^2,0 + uJo,2 is V2,o © Vo,2-valued. Also, by (4-7), c is constant on Fq. 

Definition 4.1. Let n : F ^ Z he a, torsion free Gi,2-structure and let Fo C F be 
an integral hypersurface of a;o,o- Then Fo is called an associated H\ 2-structure of 
F. 

The choice of associated iyi,2-structures is, of course, not unique. However, 
given two such structures Fo and Fq then Fq = Rti ■ Fq for some t e C*. Hence, 
to each torsion free G 1^2- structure there is a one parameter family of associated 

Hi^2-structures. 

Our approach to solve the structure equations (4-1) - (4-7) will be motivated by 
the steps pursued in [Br] to solve the structure equations of an i^a-connection. 
Let 

K := a+h : Fq ^V, where V = V2,o ® Vo,2 © Vi,2. 
Equations (4-5) - (4-6) can be summarized as 

dK = J{e + ujo) 

where J is a function on F with values in Hom{V,V). Now J = K*{3c) where 
Jc : V ^ Hom{V, V) is a polynomial mapping which depends upon a parameter 
c. If we write Jc relative to the standard basis of V then it has a 12 x 12-matrix 
representation whose entries are polynomials in the components of a and b. 

It turns out that this matrix Jg is not invertible. In fact, generically the rank 
of Jc is calculated to be 10. This implies that the image of K is contained in some 
10-dimensional subvariety of V. 

Let us this once comment on the mechanical calculations which are performed 
to arrive at this conclusion. The attempt of simply taking the determinant of on 
MATHEMATICA failed miserably at first: after more than 10 minutes of calculation, 
memory overflows occured. 

The next approach was to use the ifi,2-equivariance of Jc- Under the generic 
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assume that 02,0 = txy 1 and ao,2 = t'xy (g) 1 for some t, t' e C. Making this 
replacement simphfies Jc to a matrix of equal rank which is drastically simpler, 
and calculating that det{i'^) = on MATHEMATICA is a matter of less than a minute. 

Moreover, we can explicitly compute the kernel of J[,, and thus by equivariance 
the kernel of Jc- The result can be described as follows. Let 

<i.»l:=K„,a.,„),,„ e.8 1 :=((«.,„, b),,„,b)^^ i^'^llbb)" 

P2,o '■= (|(a2,o, ^0,2)0,0 ' ^^0,2^^ ^ 
P2,4 := ((02,0, 02,0)0 ' ^2,0 



2,0 



Po,2 ■■= 16 ^(02,0, 00,2)0,0 , a2,o)^ ^ + 9 ^(ao,2, ^0,2)0,0 > ^0,2^ ^ ^ 
-12 c 00,2 + 36o,2 

Here, di and are C-valued functions on V, while bij and Pij are functions on 
V with values in Vij . Then we have the 

Proposition 4.2. Let 

/{= := (4cZi - 9(^2) + 27cZ2 - 6c) + 72ei - 54e2 

and 

\2 



/I := 4^2(4^1 + 9^2 - 3c)' + 96 (p2,o, 62,0)2,0 + ^ (Po,2, 60,2)0,2 + 48 (p2,4, 62,4) 



2,4 • 



Then d{K o /?) = for i = 1,2, and hence K maps Fq into a level set of (/f , /2). 
Moreover, rank{Jc) = 10 at x & V if and only if df^ A (i/llx 7^ 0. 

Proof. The calculations involved to verify this Proposition were all performed on 
MATHEMATICA and will not be presented here in further detail. □ 

We let 

^c:={xeV\ df^Adf^\, = 0}. 

Then by Proposition 4.2. we know that rank{K)u = 10 at tt e Fq if and only if 

K{u) i E,. 

Let us define the functions r^^ : V Vi,j for /c = 1, 2 by the equation 

<^fk = i {^2,0^ ^«2,o>2,o + i W,2, c^«o,2>o 2 + I W,2> dh)^^^ for k = l,2, 
and define the vector fields Z^, = 1, 2, on Fo by 

oJo{Zk) = rf + r^,2 and e{Zk) = r^^- 

Then another MATHEMATICA calculation yields 

Proposition 4.3. The vector fileds Zi and Z2 on Fq defined above are symmetries, 
i. e. their Lie derivatives satisfy 

(4-8) S^z,M=^o and £z,{0) = 9 for k = 1,2. 

Moreover, [Zi, Z2] = 0. □ 
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Corollary 4.4. Either rank{K) = 10 or rank{K) < 10 on all of Fq. 

Proof. From (4-8), standard arguments show that a symmetry either vanishes ev- 
erywhere or nowhere on Fq. Thus, either Zi and Z2 are pointwise hnearly indepen- 
dent everywhere or nowhere on Fq. 

From the definitions of the Z^^s it follows that Zi and Z2 are linearly independent 
if and only if dfi and (i/2 are linearly independent. The claim follows then from 
Proposition 4.2. □ 

Definition 4.5. A torsion free i^i 2- connection is called regular if rank{K) = 10, 
with the map K : Fq ^ V from above. 

A torsion free Gi^2-connection is called regular if one and hence all of its associ- 
ated iyi,2-structures are regular. 

Thus, for a regular ffi 2-connection, the map K is a submersion onto an open 
subset of the regular part of a level set of (/f , /I) in V. 

Definition 4.6. Given constants c, ci, C2 G C let 

C(c,Ci,C2) := (/f,/|)-i(ci,C2)\Ee C V. 

If for a regular torsion free iyi,2-connection outt : Fq ^ Z the image oi K : Fq ^ 
V is contained in Cc,ci,c2 then we call the triple (c, ci, C2) the structure constants of 
the connection. 

Let us now consider the question of existence of torsion free iyi,2-connections. 

Theorem 4.7. Given constants c, ci,C2 E C let C := C(c, ci,C2) C V. Then C 
can be covered by open sets U which have the following property: there exists a 
holomorphic principal £?-hundle K : Fq ^ U over U and holomorphic 1-forms 9 
and u)q on Fq with values in Vi,2 o.nd V2,o © ^0,2 respectively satisfying 

(1) the Vi,2 © V2,o © VQ^2-valued 1-form 6 + uq is a coframe on Fq, 

(2) equations (4-1) - (4-7) are satisfied if we set ujq^q = 0, and if K — a.+ h is 
the decomposition of K into its V2,o©Vo,2 and Vi,2 components respectively. 

Moreover, the triple {Fq, 9, ujq) is unique in the sense that if {Fq, 9' , u'q) is another 
triple satisfying (1) and {2), then there is a bundle isomorphism between Fq and Fq 
which identifies the coframings. 

Proof. Let a, b, r^j and J be the restrictions of the functions a, b, rfj and Jg re- 
spectively to C. 

By definition of C we have rank{J) = 10. From here it follows that there exist 
smooth 1-forms 9 and ZJq on C with values in Vi,2 and V2,o © Vo,2 respectively such 
that 

(4-9) da + db=J{9 + ojQ). 

Since da, db and J are holomorphic, we may assume that 9 and ZJq are of type 
(1,0). 

The kernel of J is spanned at each point by the vectors r2^Q -|- rQ 2 + r^ 2 for 

k = 1,2, so once one solution {9,'Ujq) to (4-9) has been found, any other can be 

written in the form (^ + J^fe ^1 2<^fe) ^0 + Sa;(^2 + ^0 2)*^^) fo^" unique 1-forms ak, 
1 1 o 
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Now we define the 2-forms 

e = de + {{uJo,e))^^^ 

(4-10) 



where O, is given by replacing and 9 by aij and 9 respectively in (4-4). 

After some calculation, the exterior derivative of (4-9) can be written in the form 

= J(e + ^). 

This implies that there are 2-forms and such that 

(4-11) O^ZA-^k, and $ = Efc(^^,o + ^o,2)^fe- 

Substituting these relations into (4-10) and differentiating, we compute that 

= EAd^k, and = EfeHo + ^o,2)ci*fe. 
Since the functions f ^ 2 + ^2,0 + ^0,2 are linearly independent, we conclude that 

d^k = fork =1,2. 

Let U C C be an open set on which the ^^^'s are exact. Clearly, C can be covered 
by such open sets. Let ctfc be 1-forms on U such that dak = ^fc- If we replace the 
pair (0, uJo) by [9 — ^1,2'^ A; , ^0 — (^2,0 + ^0,2) '^k) , then another calculation 
shows that for this new pair 

= d9 + {{iJo,9))^''^ 

(^-12) l/_ _ _ _ \ - 

= dwo- - (^(a;2,o,a;2,o)i,o + (^0,2, a;o,2)o,i j - ^• 

Note that from (4-10) and (4-11) it follows that *fc has no (0,2)-part. Thus, 
ctjt can be chosen to be of type (1,0). But then (4-12) implies that 9 and UJq are 
holomorphic 1-forms. 

Now we let Fq := U x with coordinates (a, 6, ^1,52) and define the 1-forms 

{9, a;o) := I ^ + ^ f^^dsk, o^o + J] (^2,0 + ^0,2) dsk ) • 
\ k k J 

Then it is not hard to show that {9, cjq) is a holomorphic coframe on Fq satisfying 
the postulates of the Theorem. 

The uniqueness of {9,u!o) follows from the standard facts about mappings pre- 
serving coframings [G] . □ 
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Corollary 4.8. For any constants c, ci, C2 € C and any point u e C(c, ci, C2), there 
exists a regular torsion free connection on some Hi ^2- structure tt : Fq ^ Z where 
Z is some sixfold so that the image of the curvature map K : Fq ^ Cc,ci,c2 contains 
u. 

Proof. Let U C Cc,ci,c2 be an open neighborhood of u for which the conclusion of 
Theorem 4.7. holds, i.e. there is a principal C^-bundle K : Fq ^ U and a coframe 
{9, Cj) on Fq satisfying (4-1) - (4-7) with cuo,o = 0. 

Pick a point f e Fq with K{v) — u. Since by the structure equations we 
have dO = mod 6', it follows that Fq is foliated by integral leafs on which 6 
vanishes. For some suflBciently small neighborhood V of there exists a submersion 
TT -.V ^ Z onto some sixfold Z such that ker(7r*) = 6-^. 

Moreover, standard arguments show that there is an inclusion i : V ^—^ Fq <^ 
of V into an i^i 2-structure Fq on Z such that i*{0) — 9 where 9 denotes the 
tautological form on Fq. 

Also, there is an unique iyi^2-connection ujq on Fq with i*{u>q) = uq. From the 
structure equations it is then evident that the curvature map K : Fq — > V satisfies 
ueK{FQ)CCc,c„c,- □ 

As a consequence of the proof of Theorem 4.7. we have 

Corollary 4.9. All regular torsion free Hi 2- and G 1^2 -connections are holomor- 
phic. □ 

§5 Summary. 

In §3 we have shown that the moduli space Z of rational curves C in a complex 
threefold W whose normal bundle Nc — > C is equivalent to 0{2) © 0{2) forms a 
six dimensional manifold which carries a natural Gi,2-structure tt : F ^ Z. By 
Theorem 3.11. most of the intrinsic torsion of this structure vanishes. A natural 
question is whether every holomorphic Gi 2-structure whose torsion is of the form 
of Theorem 3.11. arises from such a moduli space. 

The answer is negative in general. The reason is that Proposition 2.9. gives 
some first order restriction which is not automatically satisfied if the torsion is of 
the form of Theorem 3.11., not even when the torsion vanishes. 

Before stating this result, let us write out the decompositions 

9 = 9i^2 x(S>x^ + 9i^Q x®xy -\- 9i-2X®y'^ 

+ 6'-i,2 y®x'^ + 6'_i,o y®xy + 6'_i_2y«)y^ 

and 

u) = a;o,o 1 ® 1 

+ + ^02^ l®xy + u^^_2 l(^y^ 

+ ivj^Q a;2®l + w20q xy®l + co^\q y^®l. 

Proposition 5.1. Suppose Z is the moduli space of rational curves in the threefold 
W whose normal bundle is equivalent to 0{2) © 0{2), and suppose furthermore 
that the associated G 1^2- structure n : F ^ Z is torsion free. Then the torsion free 
connection on F is locally symmetric. 

Proof. By Theorem 3.11. the torsion free connection outt : F ^ Z must be special. 
Thus, by Proposition 2.9., 
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Of course, this means that X must satisfy the Frobenius condition dl = mod I. 
However, from the structure equations (4-1) - (4-4) we compute that cL;o^_2 = 
9 (^0,2, a;^)^ 6*1^0 A ^-1,0 mod I. From here it follows that the Frobenius condition 
is satisfied if and only if ao,2 = on F. By (4-5) and (4-6), this implies that b = 

and (a2,o,a2,o)2,o = 1^- 

However, b represents the covariant derivative of the curvature tensor. It follows 
that F is locally symmetric. □ 

Let us now consider the question which regular torsion free Gi,2-connections 
{tt : F ^ Z,d, uj) admit a restriction {tt : F ^ y,d, Cj) in the sense of Definition 3.6. 
Since the holonomy of a torsion free Gi,2-connection is contained in Hi^2 it follows 
that the holonomy of the restriction to y is contained in i^s. 

Proposition 5.2. Let {9,uj) be a regular torsion free Hi ^2 -connection on tt : Fq — > 
Z with structure constants (c, ci,C2). Then Fq admits a restriction to an H3- 
connection tt : Fq ^ y if and only if ci =0. 

In this case, the restriction Fq is uniquely determined, and the connection on 
TT : Fq ^ y is regular in the sense of [Br] . 

Conversely, given a regular H^-connection on tt : Fq ^ y, there is a unique 
regular torsion free Hi ^2- connection which extends the connection on Fq. 

Proof. Let tt : Fq ^ Z he the torsion free regular iyi^2-connection. If a restriction 
on Fq — > 3^ exists then TFq must be annihilated by the ideal 

J - {^_i,o - 20i,_2, ^1,0 - 29-1,2, - c^fo, ^ = 0, 1, 2}. 

Thus, must satisfy the Frobenius condition dj = mod J . A calculation 
using the structure equations (4-1) - (4-4) yields that this is the case if and only if 

(5-1) 2a2,o = 3ao,2. 

Taking the exterior derivative 2da2,o — 3(iao,2 mod J, we conclude that b must 
be of the form 

(5-2) h = x®bl + y®bl 

for some Va-valued function where the subscripts stand for partial derivatives. 

Let us define Fq C Fq by (5-1) and (5-2). Then it is evident that any reduction 
of Fq must be contained in Fq. 

From the structure equations (4-5) - (4-7) we calculate that the differentials of 
the components of (5-1) and (5-2) arc linearly independent. Also, substituting (5-1) 
and (5-2) into f^ from Proposition 4.2. we calculate /{^ = 0. 

Therefore, Fq = if Ci 7^ 0. Conversely, if Ci = one can verify that Fq is 
non-empty and hence an eight dimensional analytic submanifold of Fq. Moreover, 
dim(TFo fl ker tt*) = 4, and so y := 7r(Fo) is an analytic submainfold of Z. Now it 
is easy to verify that (tt : Fq — > y, 9, Cj) with 9 and Cj as in Definition 3.6. is the 
desired restriction. Of course, (5-1) and (5-2) determine Fq uniquely. 

Note that this restriction is a torsion free ifs-connection. The final statement 
follows from the classification of regular i^a-connections in [Br] . They are uniquely 
determined by two constant parameters, and it left to the reader to verify that 
these correspond to the constants c and C2. □ 
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Remark. 

(1) It seems likely that the last statement in Proposition 5.2. holds true even 
if the iifa-connection on y is not regular, i.e. in this case there should still 
be an extension to a unique torsion free iyi,2-connection. There does not 
seem to be any substantial obstacle to proving this other than the immense 
calculations required to determine the non-regular i^i 2-connections. 

(2) Since every torsion free holomorphic 6*3- connection is equivalent to the 
moduli space of contact curves in a contact threefold W [Br], it follows 
from the results in §3 that every holomorphic torsion free G:^- connection 
can he extended to a G 1^2- connection whose torsion is given as in the proof 
0/ Theorem 3.13. 

A characterization of i!f3-connections is therefore that they are precisely 
those Gs-connections which can be extended to a torsion free Gi^2-connec- 
tion. (cf. Theorem 0.4.) 

(3) A somewhat surprising aspect comes from a comparison of Proposition 5.1. 
and Proposition 5.2. Namely, if 3^ admits a regular torsion free i^a-connec- 
tion then on the one hand, by (2), the connection on y can be extended to 
a connection on the moduli space Z of rational curves in "W. 

On the other hand, if we let Z' be the torsion free extension from Propo- 
sition 5.2. then it follows from Proposition 5.1. that Z' is different from 
Z unless both Z and y are flat: indeed, the only locally symmetric H^- 
connection is the flat one. (cf. Theorem 0.1.) 

In other words, the extension Z oi y which seems most natural in the 
geometric sense is different from the extension Z' of y which is most natural 
from the torsion point of view. 

Definition 5.3. Let P be a complex five dimensional manifold. A linear rank 2 
Pfaffian system on V or, for short, a Pfafftan structure on P is a differential ideal I 
on V with the property that, locally, there is a holomorphic coframe ki, K2, a, (3i, P2 
on V such that 

1= {ki,K2} 

and 

dKi = a A Pi mod I, ^ = 1, 2. 

A curve C QV is called an integral curve if the tangent vectors of C are anihilated 
byX. 

A Pfaffian structure on V may also be regarded as a rank 2 subbundle L <ZT*V 
where L is locally spanned by ki and K2- 

For example, if W is any three dimensional manifold then V := PTW carries 
a canonical Pfaffian structure [EDS]. Namely, for local coordinates {x,y,z) and 
{x,y, ZjUjV) on W and V respectively such that the bundle map tt : P — > W is 
given by {x, y, z, u, v) 1— >• (x, y, 2), this system is given as X := {dy — udx, dz — vdx}. 

Thus, for a curve of the form {x,y{x), z{x)) in W there is a unique integral lift 
to V, namely {x,y{x), z{x),y'{x), z'{x)). 

A key observation is now given by the following 

Theorem 5.4. Let tt : F ^ Z be a holomorphic G 1^2- connection whose torsion is 
of the form of Theorem 3.11. Then, locally, Z is (contained in) the moduli space 
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Proof. The proof requires to compute the structure equations for connections whose 
torsion is of the required form. Since these equations are quite complex and since 
we shall not need them any further, they will be omitted. 
It follows from these equations that the differential ideal 

J {^1,0,^-1,0,^1,-2,^-1,-2,(^0^-2} 

does satisfy the Frobenius condition dj = mod J. Thus, at least locally, there 
is a map p : F ^ V onto some five dimensional complex manifold V such that 

ker(p*) = J-^. 

For each point t G 2, we let Ct '■= p{n~^{t)). It is then easy to see that Ct is 
a rational curve in V, and hence we may regard Z as the moduli space of certain 
rational curves in V. 

Let 2o := {^i^_2, 6'_i^_2}. Then a calculation shows that for each vector field 
X E on F, C Zq mod J . Therefore, there is a differential system Z 

on V such that p*(X) = Xq. 

Taking the exterior derivatives of 6*1,-2 and 6'_i,_2 it follows that Z is indeed a 
Pfaffian structure on V. Moreover, since 7r~-'^(t) is integral to Tq for alH e 2^ it 
follows that Ct is an integral curve for all t E Z. □ 

Theorem 5.4. suggests that it should be more natural to regard Ga-structures, 
iifs-structures and Gi,2-structures as moduli spaces of integral curves of a fivefold 
with Pfaffian structure rather than as curves in a threefold. Indeed, the remarks 
preceding Theorem 5.4. indicate how the moduli space of curves in a threefold W 
may be regarded merely QiS Oil special case of this. 

It should also be instructive to see how the local invariants of a Pfaffian structure 
on V [C] relate to the associated Gi,2-structure. This will be pursued in a sequel 
of the present paper. 
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